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Editorial

In the Bronx High School of Science
a great variety of mathematics courses
is offered to the students, Some of the
readers of the Math Bulletin have (or will
have) taken three years of math, the
harest minimum, Others, at the other ex-
treme, take what is perhaps the maximum
amount of mathematics offered in high
schools, the sequence leading up to Col-
lege Math, The rest of the student body
takes sequences in between these ex-
tremes. Yet, how many Sciencites have
ever stopped to wonder why they take
Math? How many have ever realized what
mathematics {s, what it really does?
Probably not many students have, It is
thetefore the purpose of this Math Bulle-
Hn to introduce its readers to some of
the basic concepts of mathematics.

Mathematics, once only an intellectual
plaything, has become a valuable tool of
the scientist, and is one of the most ex-
citing and challenging pursuits of man-
kind. The enormous value to science of
mathematics arises because it enables
us to uge convenient symbols to repre-
sent a mode! of reality, However, we
would like to point out an extremely
impottant - distinction between pure and
applied mathematics.

In pure mathematics, symbolic form is
used entirely as an abstraction, It exists
by itself as a “‘mental exercise,” as a
sort of ‘‘game,’’ apart from the world.
Yet, from this highly abstract subject
have come results of utmost impottance
to the development of our concepts of
reality., However, fascinating as this
topic may be, we would like to present
at this point the basic structure of pure
mathematics, and ignote its applications,

In this ‘“‘game”, specific groupings of
symbols (theorems) are derived from an
original set of assumptions known as
postulates. If these postulates are called
true, thén the results of the application
of the proper logic methods are just as
true. Assumptions are made arbitrerily,
having no restrictions imposed upon them
except “oonsistency’’.  Consistency
means that no contradiction is inherent
in the postulates; that is, no theorem
can be proved both true and not true from
the same set of postulates,

Another desirable characteristic of a
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get of postulates is ‘‘independence.”
This means that no postulate can be de-
rived from the others, If a postulate is
truly independent of the others in a set
of postulates, its opposite may be as-
sumed instead of it and will also be com-
patible with the other postulates, For
example, Euclid’s Fifth Postulate says
that through a given point one, and only
one, line can be drawn parallel to a
given line. This postulate is independent
of all the others, and so merely by ac-
cepting its opposite entirely new sys-
tems of geometry have been developed,

In applied mathematics, however, the
genetalized symbolic form is used for
another reason: it is easier to work with,
Using mathematics, a scientist can repre-
sent a relationship between concrete
objects in tetrms of an identical relation-
ship between abstract symbols (which
are often easier to handle), Thus, he
makes his work more convenient, since
anything shown to be true of the symbols
is true of what they represent, In addi-
tion, the prejudices we. attach to con-
crete objects are eliminated when we deal
with symbols, and the chances of error in
interpretation of data are reduced. After
all, what we perceive may not be reality
at all, but a psychologicaland physiologi-
cal delusion. For these reasons, math-
ematics is necessary to science. '

The scientist, however, is under a
handicap when using mathematics. He
must realize that mathematics can unearth
only those relationships included as part
of the data being considered, and cannot
pull “‘great truths’? out of the air. In addi-
tion, the results of mathematical analysis
are as approximate as the information
originally submitted to the analysis, If
the information is restricted, so are the
conclusionis, Only the factors submitted
are takeh into account,

The difference between pure and ap-
plied mathematics must always be re-
membered: one is a ‘‘game’’, and the
other is an attempt at a representation
of reality,

The concepts and techniques of mathem-
atical analysis, the basis of all mathema-
tics, is the subject of this issue of the
Math Bulletin, We hope we have supplied
a pleasant introduction to these essentials.



The P.H.D. Triangle and the Golden Section

By weans of the peculiar propetties of
a certain triangle constructed within a
circle it is possible to derive the rela-
tionship between an arc of a circle and
its chord, Furthermore, these properties
enable one to inscribe regular pentagons,
hexagons, and decagons without resort-
ing fo the use of a protractor, This
singular triangle is known as the PHD
triangle (Pentagon, Hexagon, Decagon)
and the following are the steps in its
construction: (See Figure 1)

A

G

Figure 1

1. Draw circle (0) and diameters BF
and AG perpendicular to each other,
Divide OB into two equal parts:
BC and CO. .
With C as a center, and AC as a
radius, strike arc AE,

. Triangle AQE is the PHD triangle,
AE is the side of the inscribed
pentagon,

-OE is the side of the inscribed
decagon,
AOQ is the side of the inscribed
hexagon,

.

AE»JM

Because of space limitations, a formal
proof of this construction has been omit-
ted, The reader can find the proof in any
texthook,

It is of interest to detennine the
lengths of the sides of the inscribed
polygons in relation to the radius of the

circle,

In Figure 1:
1. CO= r/2

8 AE =1 /10 — 2,/5, the side of thein-

2 scribed pentagon

We may now relate the chords of the
citcle to their arcs,

{a) The arc of a regular pentapon is 2sr;
the arc chord ratio is:

2at

4

5
o 0-245 5 V10 - 28

or approximately 1,068,

(b) The arc-chord tatio for the hexagon is
n/3, or 1,0472,

{c) The arc chord ratio of the decagon is

2
P — or 10167,
S5 -1 '
Thus, the arc-chord ratio approaches
unity as the arc length decreases,
Considering upper limits, the ratio
of a semicitcle to its diameter is
n/2, or 1,5708, Of course, the limit-
ing ratio of a major arc to its chord
- is infinity, since 2nr/0equals infinity,

There is also an interesting relation-
ship between the PHD triangle and the

continued on page $
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INTRODUCTION TO GROUPS

Bertrand Russell said, ““Pure mathema-
tics consists entirely of such assevera-

_tions as that, if such and such a proposi-

tion is true of anything, then such and
such another proposition is true of that
thing. It is essential not to discuss
whether the first proposition is true, and
not to mention what the anything is of
which it is supposed to be true.”

Pethaps the most abstract topic in
mathematics is that of Groups, It has a
great many applications, perhaps as a
result of its extreme generality,

These are the essentials of Group
theory:

I. A set of undefined ‘‘elements,"
called a, b, ¢, etc. These may, if we wish,

‘be interpreted any way we please — as

numbers, points, canaries, or planets,
The enotmous value of Group theory rises
from the many different interpretations
vhich may be given to these elements,
However, for the purposes of Group theory
these symbols have no specified meaning,

II. An undefined ‘‘operation,’” called
o,!" This operation may also be given a
meaning, if convenient. This might be
“multiply,’ or “moves in such and such
a mannet,”’ or “‘rotates on an axis,” etc,
It should be emphasized that in Group
theory no specific meaning is assigned to
the operation,

i

III, Four essential properties, or
postulates:

1, When one element is operated upon
by another, the result is an element of
the same set, That is:

aob =c¢
This is known as the Closure postulate,

2, There exists a unique element, *¢i,"

such that:
acoi=ioa=a

The placement of “i" (the Identity ele-
ment) is quite 1mportant A distinction
must be made between operating on the
“left,” and on the ‘‘right.” This will
be ttreated in No, 5.

3, For every element ‘‘a' there exists

an element “‘a''’ such that:
aca'=a'oa = i

June, 1957

The element “a?! is called the Inverse
Of G(&33
4, For any three elements a, b, and ¢,

the following is true:
(aobloec = ao(boc)
This is the Associative property, and com-
pletes the four essential postulates.
5. In some cases a fifth property, Com-
mutative, is possible: -
aob =boa

In some groups these two operations do
not give the same result. When they do,

.the group is known as an Abelian group.

An excellent example of a group is the
integers (both positive and negative), with
the operation ‘‘addition.'’ They are an
Abelian group because it can be shown
that the five postulates are satlsfxed For
example!

6+14 10 {Closute)

640 = 0 +6 = 6 (Identity)

6+(—6) = (-6)+6 =0
(Inverse)

6+3+5) =(6+3)+5
(Assaciative)

6+3 = 3+ 6 (Commutative)

Wotking with the basic postulates, and
several others, it is possible to prove
many general theorems about the ele-
ments, Once proved true of groups in gen-
eral, they are then all automatically true
about any set of elements and operation
that can be shown to be a group. The
additional axioms are:

1. Reflexive (a = a)
2. Symmetric (a = b implies
that b = a)
3. Transitive (If a = b and
b = ¢, then a=c)
4, Substitution (An element equal
to another may be substituted for
it without changing the value of
the expression.)

It

We are now in a position to prove the
theorem:

Ifa=b,thenaoc=boc
1. aoc=aoc(Reflexive)
- 2. a=b{Given)
3. ao ¢ =b o ¢ (Substitution)

continued on page 7



BRAID THEORY

The fundamental theory of braids in-
corpotates group theory, Therefore, an
understanding of the preceding article is
essential, Fitst, what is a braid? Braids
may be considered as physical entities,
ot as abstract mathematical forms, We
shall consider them as physical entities,
Let us now define a braid, (We shall as-
sume &a" intuitive understanding of the
terms used,)

Definitions:

(1) A braid is a configuration of strands.
One strand may cross another by going

“. ‘over ot under it,.

(2) A braid must have two sets of term-

“i- ijfals, the top terminals and the bottom

- “terminals,

(3) Each strand must have one terminal
‘on either end of it,

(4) Each strand must be continuous
between the two terminats,

(5) The number of top temminals and bot-
tom terminals must equal each other
and must equal the number of strands,

Some braids are shown in the ac-

companying illustrations. The shaded.

squares are not part of the braid and will
be explained later,

Now that we have defined braids, we
may investigate their properties.It can be
shown that braids having the same num-
ber of strands form a group. The first re-
_quirement for a group is a group operation,
1 define the operation+AB (A muitiplied
by B) as attachifig the top terminals of
braid B #o the bottom terminals of braid
A, It can be seen that if A and B are
braids of N strands each, then AB is a
braid of N strands, Hence, the closute
Jaw is satisfied by this operation. An il-
justration of the multiplication of braids
is given in Figure 1, 1t should be noted
that AR does not necessarily equal BA;
hence, braids do not form an abelian
group under the operation of multiplica-
tion,

When 1 said that AR does not always
equal BA, T assumed an understanding of
an equality relationship among braids.
I shall now define this relationship, Two
braids are equal if they can be made to
coincide by moving them and by ‘‘mani-
pulating’! the strands without disconnect-
ing them from their terminals, This “‘mani-
pulation’’ may consist of moving and
stretching or contracting the strands,
Thus, the size of the braid is unimportant,
If we find the product CC' of the two

braids shown in Figure 2, this product
can he shown to be equal to a braid with
none of the strands crossing each other,
In this way, many braids may be shown to
be equivalent to simplet braids. The

braid with no strands crossing is simpler

than that formed by attaching the ter
minals of C and C! to each other, since
the first has fewer crossings,

The next requirement for a group is
that there be an identity element I, so
that for any braid A, Al equals A, It can
be seen that the identity braid is the
braid with no strands crossing, If the
terminals of this braid are attached to
the bottom terminals of any other braid,
it is equivalent to stretching this braid,
Since by contracting the strands of this
braid it can be made to coincide with
the original braid, it must be equal to the
otiginal braid, As with any other group,
Al = 1A = A,

In order for braids to form a group, for
every braid A, there must be an inverse
braid A’ so that AA’ equals 1, the identity
element, C' is the inverse of C in Figure
2 because CC' = I, However, C'C also
equals 1. This illustrates the postulate ,
common to groups, that AA'=A'A=],
for any A. The properties of the inverse
element ate very interesting when applied
to actual physical braids, such as strings
woven together. If the inverse braid is
tied to the woven strings, and the strings
ate pulled tight, the identity element, the
braid with no strings crossing, will be
formed, Thus, fo untie a pigtail in a
girl’s hair, metely tie strings to the
strands of hair, tie the inverse braid, and
pull, Although painful, this method will
wotk,

-3 P v |

The last requirement for a group is that
the associative law be true. This means
that for any braids A, B and C, A(BC) =
(AB)C, It can be seen that it does not
matter which two sets of terminals are
attached first; the end result will be the
same,

Since braids satisfy the four conditions -

of a group, they form a group under the
operation of multiplication, 1 must em-
vhasize that only the braids having the

centinued on page 7
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Braid Theory

{continuad)

same number of strands form a group since
multiplication is undefined if the two
braids do not have the same number of
strands, Hence braids of four strands
form a group as do braids of five strands,
but together they do not form one.

Now that I have shown that braids form
a group, I can apnly to them the theorems
of group theory. Two postulates mentioned
before, are: Al = IA

AAY = A'A,

I have presented the physical form of
the braid, In order to work with braids,
it is necessary to have a mathematical
representation of the physical braids,
The laws of physics, for example, would
be useless if they could not be trans-
formed into the language of algebra,

[ decided to use a matrix representa-
tion of braids. (A matrix is a rectangular
arrangement of rows and columns of ele-
‘ments,) The elements of the matrix are
the fundamental braids P, P’ (the inverse
of P) and I (the identity braid of two
strands),

To form a braid, draw a set of squares
arranged in a checkerboard pattemn, On
these squares, place the fundamental
braids with the terminals on the vertices
of the squares, Braids formed in this
manner are shown in Figures 1 and 2, [t
is necessary to define strands between
the outer vertices of the outermost squares,
Such strands are matked ‘‘a’’ in Figure 1,
It is also necessary to define strands
hetween the outer terminals and the top
and bottom outer squares where the
strands are not otherwise there, in order

to make the strands continuous between .

the terminals, These strands are marked
“h'? in Figure 1, It can be shown that
such an operation defines a braid and that
any braid can be formed in this manner,

TOP TERM|INALS

= %, N ik
g . "A
7 -A
B= . N

BOTTOM TERMINALS

Figuwe 1

feee- tAren

Introduction to Groups

fcontinuad)

Similarly, it can be proved that if
a =b, then c 0 a = c o b, If we were
to call our elements numbers, as in the
previous illustration, and called the
operation multiplication, this theorem
would be recognizable as the technique
of multiplying both sides of an equation by
the same thing, This technique is basic
to most algebraic manipulations, A corol-
lary of this is that if a = b and d = ¢, then
aoc=bod You might try to prove this,
using the previous theorem.

It can also be proved that an equation
of the type a 0 x = b has only one solu-
tion, for specific values of a and b, This
is another example of an ‘‘intuitive®’
principle of elementary algebra which is
really a very simple consequence of Group
theory, In fact, all the laws we are taught
in arithmetic and algebra are found in
Group theory, since the teal numbers
form a group under addition and multi-
plication,

The theorems and applications of
Group theory are much greater than I have
indicated here, Group theory is finding a
widespread use in the newer fields of
mathematics, such as topology. It is
cne of the most rapidly growing fields
at a time when mathematics is in astate
of expansion and discovery. In fact,
topology has been defined as ‘“the study
of the invariants of geometric configura-
tions under groups of transformations,

Wherever groups have been introduced
in mathematics they have tended to con-
nect previously separated. subjects, and
to unify and clarify all mathematics, If
anyone has been under the impression
that mathematigs is a stale and stagnant
subject, with nothing new to discover,
one glance into Group theory ought to
change his mind!

Alison Lord

Since the method of formation of the
braid has been shown, the mathematical
representation is simple, One must merely
insert the symbol of the element in its
relative position in the matrix. Hence, in
Figure 1:

continued on page 12



TRIANGULAR COORDINATES

We are all familiar with the system of
rectangular Cartesian coordinates, which
locates any point on a plane by giving its
‘distances from two perpendicular axes,
There is, however, another coordinate
system, which locates a point by giving
its distances from two fixed reference
points.

The following conventions are followed
in this system; the distance between the
fixed .points (X and Y) is equal to one
unit, The distance between any two points

is always positive. All points whose x- -

coordinates are equal to ¢ lie on the cir-
cle with % as-center and radius ¢,

Figure 1 shows the location of x =1,
y = 1, Notice that there are two different
points satisfying these coordinates, since
the unit circles around X and Y intersect
in two points. In fact, all points except
those on the horizontal line bisecting
the plane have twins,

()

W)

Figure 1

Let us now consider the equations of
certain familiar Joci, An ellipse is de-
fined as the locus of all points, the sum
of whose distances from two fixed points
is constant, Therefore, the graph of the
equation x +y = k is an ellipse. with foci
X and Y, provided k>1, If k =1, the graph
is the straight line connecting the X and Y
points, If k<1, there is no graph,

2

Figure 2

A hyperbola is the Jocus of points such
that the difference of its distances from
two fixed points is a constant. The equa-
tion of a hyperbola is x-y =k, or y-x = k,
ope branch being given by each formula,
Since neither coordinate can exceed the
other by more than one, k must be less
than one. If k = 1, we have the extension
of the axis.

Fipure 3

‘A parabola is defined as the locus of
all points equidistant from a fixed line
and a fixed point, If we let the focus be
the X point, and the directrix be the line
AB perpendicular to the axis at a distance
¢ from the X point, we get the fourth figure,
XM =c, and EY = 1-{c-x). Choosing a point
F on the parabola,

* M Y

Figure 4
XF =FG =EM =x;
then,
EF + 1-2(cx) + (c=xf = v,
ER =% — (e-x)" ; by substi-
tution,

X+ 22X+ (1-2c) =y*
is the equation of such a parabola, As

continued on page 9
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Triangular Coordinates

{cantinted)

examples, if the directrix is the perpendi-
cular bisector of the XY-axis, then ¢ =%,
and the parabola becomes x '+ 2x = y?; if
AB passes throneh ¥, ¢ = 1, and the equa-
tion is x '+ 2x -1 =y 2,

Straight lines are somewhat more diffi-
cult in triangular coordinates than in rec-
tangular ones, However, referring to our
triangle in the first figure, we see that,
by the law of cosines,

yi=x*-2x%cosa+ 1,

If we plot a straight line through the X
point at angle a, then cos a is constant,
which is designated k., Therefore,
i 1
y =x -2kx +1
is the equation of such a line, provided
that k is between +1 and -1, Note that if
k = +1, a =0° or 18(0°, and we have the
equations of the extensions of the axis,
as expected:
ylexle x4+l = (22D y=x 41,

P

Figure 5

The equation of a line perpendicu]ar_ to
the axis at a distance ¢ from the X point
may be determined by drawing a right
triangle, as in figure six: )

2 =x-ct,butz?+{c+1D*=y", so,

yP=x"+2c+ L

Figure 6

Note that. when ¢ = 0", we have theequation
of a line perpendicular to the axis through
the X point, y* = x? + 1, This is the same

_as passing & line through X with angle
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P.H.D. TRIANGLE

(continued)

zolden section. A line is divided into
the golden section if the ratio of its
larger part to the whole equals the ratio
of the smaller part to the larger part.
If the whole line be equal to unity, and
the larger part equal to x, the smaller
part equals 1 — x, and, by definition of
the golden section,
X 1-x

TS . s or ¥ =1-x

Solving the quadratic egquation by the
quadratic formula, x = (/5 — 1)/2, or ap-

proximately ,618, Since OE equals:

r(/5-1)
2

as shown above, OE equals the larger
segment of the golden section of the
radius, Thus, the PHD triangle is a
means of constructing the golden section,

IFor those of you who have not had
enough of the PHD triangle and extreme
and mean ratio, I suggest consulting
What is Mathematics, edited by James R,
Newman, and Mathematics for the Mil-
tions, by Hogben (the latter for data on
the Fibonacei Series),

MARK BRIDGER & TODD GITLIN

a = 90°; the cosine of “a” then equals 0,and
we obtain the same equation,

You may wish to investigate the eifect
of varying the distance between the X and
Y points, or to determine the equationg of
other loci,

Problems

1. What type of symmetry does the system
illustrate? Why?

2, Prove that neither coordinate may ex-
ceed the other by more than 1, (Hint
Consider a circle of radius ¢ about
the X point, and another of radius c-2
about Y,) Also, prove that the sum of
the coordinates must be equal to, or
greater than, 1, (Hint: Use circles of
radii k and 1-k about X and Y.)

3. Apply the results of problem 2 to
equations of ellipses and hyperbolas,

4, Derive an equation of a line inclined
at an angle a to the axis, and at a dis-

tance ¢ from X,
Arthur Millman



CONIC SECTIONS

Ever since René Descartes invented
analytic geometry in the seventeenth
century, men have puzzled over the geo-
metric counterparts of algebraic equa-
tions. One such equation is the general
quadratic equation in two unknowns,

(1) Ax? Bxy+Cy? +Dx4+Ey+F =0,
in which A, B, C, D, E, and F are con-
stants, It has been shown that when an
equation of this form is graphed in nor-
mal rectangular coordinates, the resulting

figure could have been obtained by slicing a
cone,

Figure 1

Befote proceeding, we must define our
terms, A right circular cone, the only
kind we shall discuss, is formed by rotat-
ing a right triangle about one of its legs.
The surface thus generated is one nappe
of a true cone, Strictly speaking, the hypo-
.tenuse of the triangle must be extended
indefinitely in both directions before it
is revolved, The resulting surface is some-
what like an hourglass, or two ice cream
cones placed tip to tip. The vertex of a
cone is the point at which the nappes

1o

terminate, An element is any straight line
that lies wholly on the sutface of the cone,
and passes through the vertex. The axis
of the cone is the leg about which the
generating right triangle has been revolved,
A conic section is defined as the inter-
gection of a plane and a true cone,

An ellipse is the conic formed by slicing.

one nappe of a cone so that the cutting
plane intersects all of the elements, It is
important as the shape of the orbit of each
of the planets, and is of architectural
significance, If we choose the proper axes,
the equation of the ellipse is

(2)—)}-3 -—y—l

' a’+ b2 1.

A hyperbola is formed when a plane culs
both nappes of a cone, and is parallel to

. two elements, It has two distinct branches,

It has several military uses, among them
long range navigation, The equation of a
hypetbola is

@x y?

P
Note the similarity of the equations of the
ellipse and hyperbola, As an exercise,
pick values of a and b, and try plotting
both the ellipse and the hyperbola, Refer
to the article on triangular coordinates,

and see if you can find the foci of the two
curves,

The parabola is formed when a plane
intersects a cone so that-it is parallel to
one and only one element, It cuts only one
nappe of the cone. It is the path followed
by projectiles, and has optical uses, Its
equation is

)] y" = 4px,

Through the proper choice of axes, it
is always possible to transform an equa-
tion of form (1) to one of the other three
forms, Even more interesting is the study
of the degenerate loci formed when the
slicing plane assumes a limiting position,
For instance, if the plane of an ellipse is
cut perpendicular to the axis, we get a
circle. In that case, the foci coincide, and
the equation becomes x* + y? = ", since
a = b, It is possible to make the plane of
the parabola approach the element to which

continued on page 12
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A True-False Logic System

Logic is a subject which readily lends
itself to mathematical analysis. In this
article we shall explain the elements of
the two-valued logic system, in prepara-
tion for the more advanced article which
follows,

.The basis of all logic systems is
the “‘proposition, We may postu-
late that every proposition is a statement
which can be assigned an atbitrary value
of “‘truth’? or ‘“falsity.’ A statement which
is neither true nor false is not, in this
system, a proposition, A logic system may
contain only those words that have been
previously defined or classified as unde-
fined terms, Since our language is posi-
tively oriented, we do not usually qualify
our positive, or true, statements, We say,
“It is raining,’ not, ““It is true that it
is raining,” QOur negative (false) proposi-
tions are always qualified with *‘not,’* or,
more formally, ‘It is false that,...’’ As
our language, our modern symbolic logic
does not contain a qualifier for truth,

Two important types of propositions are
postulates and theotems, Postulates are
propositions whose qualifiers are deter-
mined by assumption. It is necessary to
remember that, in logic, a postulate is
only true if we say so; thus, logic systems
may not relate directly to experience, In
fact, many interesting systems are-without

- intrinsic meaning, For example, if we say,

“Up is down,!” and base a consistent
logic system on this statement, no one can
say that ‘‘up’’ really isn’t ‘‘down,' ex-
perience playing no part in the matter,
For the purpose of our logic system, ‘‘up
is down,'’ because we say so,

Theorems are statements that are proved,
as in geometry, by formalized methods,
using only postulates and previously proved
theorems, A theorem is defined as a pro-
position that can be logically inferred from
a given.set of postulates and definitions,

What makes mathematical logic so in-
teresting, and at the same time divorces
it from the pitfalls of language, is the ex-
clusive use of symbols, Propositions are
indicated by small letters p, g, r, etc,
There are also symbols for certain opera-
tions in a logic system, ““A* means ‘‘and’’;
the result of combining two propositions in
this way is called their conjunction, For
instance, pAq is a short way of writing *‘p

" June,1957

is true and q is true,’” The symbol “V?’
means ‘“‘or’’; pVq is called the disjunction
of p and g. “p-+q’ is an implication, and
means “if p is true, then q is true.”’ The
equivalence relationship is expressed by
the symbol "o, It is a sort of double
implication, and “‘peqg’ means “if p is
true, then q is true AND if q is true, then
y i's, true.” Finally, there is a symbol,

~'" for negation, ““.p’ means ‘it is
false that p is true,”’

The most important postulate of the
logic system is that the result of perform-
ing any of the above operations is also a
proposition; in other words, A
and “‘p-{(qAn)e(-s)),’” or any other such
set of symbols, is a proposition which
may be assigned a logical value. Our next
postulates, expressed as a truth table, tell
us what value to assign the result of each
individual operation, depending upon the
values of its component elements,

p ~p q pAg pVq psq pug
O T F T T T T ' T
@ T F F F T F F
3 F T T F T T F
@ F T F F F T T

A tautology is defined as a complex pro-
position whose truth is independent of the
truth or falsity of its component elements,
Truth tables are very useful in the proof
of tautologies, as we can list all“of the
possibilities and see if the proposition in
which we are interested is always true,
As an example, we prove that (p-q)e[{-p)Vq]
is a tautology:

P 9 p»q ~p (-p)Va (paqe{(~-p)Vd]
T T T F T T
T F F F F T
F T T T T . T
F F T T T T

Since the last column, which is the theorem
we wanted to prove, is always true, it is a
tautology, The reader should work out the
meaning of the tautology for himself.

The wuse of quantifiers, as well as
qualifiers, is necessary in logic, If we use
qualifier “It is true that...’’ in the sen-
tence, '‘It is true that men have black
hair,”’ we have said something absurd, If,
however, we use the quantifier “sqme,’?
and say, “‘It is true that some men "have

continued on page 12



Conic Sections

(continued)

it is paraliel, finally becoming tangent to
the cone, The equation then becomes
v? =0, since x = 0. If the plane of a hy-
perbola passes through the vertex, then
the locus degenerates into a pair of inter-
secting straight lines, If an ellipse is
moved paralle] to itself until it passes
through the vertex, it becomes a point. A
compatison with degenerate forms of the
conics, as expressed in triangular coordin-
ates, is suggested,

Anyone who wishes to investigate the
properties of the general quadratic in two
unknowns, as well ag the special cases
illustrated here, is referred to any good
textbook of analytic geometry. For those
who doubt that the conditions expressed
here and those in the article on triangular
coordinates define the same loci, a book
such as Wilson and Tracey's Analytic
Geometry will prove quite conclusively
their similarity.

If an ice-cream cone, resting on its
base, may be sliced vertically only, which
conic sections could be formed? Why can’t
the others be formed? What about horizontal
slices?

ARTHUR BASS

True-False Logic

(continued)

black hair,” we are speaking correctly.
The logical symbol for ttgome’ is Hx,
which means, “There is at least one x
such that,..."” Note that “‘some’’ means
at least one. Many authors do not quantify
t311," but the use of Vx to mean ‘‘for all
x" is replacing the convention of placing
(x) before a proposition,

Negations in logic conform to the
“gconomy principle,’’ The negation of
Vx(p) is not Vx(~p), but Hg(~p). The
existence of even one x for which p is
false is enough to negate Vx(p), which
states that p is true for all x, In these
cases it is taken for granted that p is a

~ proposition involving X. The negations of
other common forms, which may be easily
verified by the reader, using truth tables,
follow:

LpAqpl-p) V(-]

12

Braid Theory
(continued)
PP P P u
A=
p p
AB = |I I
P p
B =P I P 1
P P

.The reader will note that if the top ter-
mma_ls of B are attached to the bottom
terminals of A in the operation AB, the

squares will not form the checkerboard f

pattern, Therefore, a row of identity ele-
ments is inserted between them so that

the operation becomes AIB, which is equal .
to AB.

© Figure 2

It can be shown that, to form the in-
verse braid, we use the mirror image as
before, but we replace every element by
its inverse; (PY =P, P =P, ()’ =L
The braids illustrated in Figure 2 are;

P P
C=

P P
P’ P,
C!'=

Pl P L
LESLIE LAMPORT

~(pVael(-p) AG-0)
~{~p)e(p)
~prelpAt-0 ]
Apogyelps(~0) ]
~[Bx(p) }o Vx{~p)

There are three implications related to

continued on page 14
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Three-Valued Logic

A two-valued logic system has its merits,
simplicity foremost among them. It is in-
teresting, nonetheless, to study the effect
of including a third value for propositions
whose truth or falsity is indeterminate (an
“1 don't know,..” wvalue), Often we find
that the proof of a complicated theorem
depends upon another complex proposition,
a proposition whose truth is not readily
ascertained, How may we determine the
effect of this indeterminate propositionupon
our hypothesis? First it is necessary to
assign this indeteminate a logical value,
and develop certain rules to handle this
third value. Let us suppose we wished to
prove that every odd number may be ex-
pressed as the sum of three primes, The
proof of this theorem depends, obviously,
upon the following proposition: every even
number can be expressed as the sum of
two primes, This proposition, however,
has never been proved &ither true or false,
Adapting a three-valued lopgic system to
this problem, we should fitst assign as in-
determinate the even number proposition,
Then we could see what effect it has on
our odd number hypothesis,

We set up a three-valued logic system
with tables for conjunction, disjunction,
equivalence, negation, and implication,
Our third value is indeterminate, here
represented by ‘1'%

B a9 pAg pVq  pegq pog —p
T T T T T T F
7 1 1 T 1 1 F
b F F T F F F
‘] T I T I T 1
$1 I I I i 1 1
¢ F . F I 1 1 1
TRT F T F T T
‘p I F I i T T
'F F F F T T T

As an illustration of this system, line
8 expresses the following: if statement p
is false and statement q is indeterminate,
then the conjunction (p and q) is false, the
disjunction (p or q) is indeterminate, ‘'p
implies q'’ ig true, “p Is equivalen. to q'’is
indeterminate, and ‘‘the negation of p** is
true, As an example of these principles,
suppose “p' is the statement (known to
be false), “Rome was at war with Greece
in 17A.D.," and ‘“‘q" is the indeterminate
statement, “A Roman was killed June 23,
17'";, we then obtain the following result
from our tahle: ‘“‘Rome was at war with

Iuna,l_957

Greece AND a Roman was killed on June
23, 17" is false even though part of it is
indeterminate; *‘IF Rome was at war with
Greece THEN a Roman was killed on
June 23, 17" is true whether or not the
conclusion is ambiguous,

Although it is quite different from two-
valued logic, there are many tautologies
true in three-valued logic that are identi-
cal to or extensions of two-valued tautol-
ogies, The reader may easily verify the
following by means of truth tables:

(1) ~ (pAQ(-pIV(~q)]

(2) <pValel(-p)A(-q)]

(3) ~(peqolps(~q)

) (prel(-p)Val.

It is interesting that the law of the syl-
logism is not valid in three-valued logic,

Concerning methods of proof, the rule of
detachment and the rule of substitution for
propositions are both valid,

Using these principles, and theorems one
through four, we can work out a simple
problem,

Given: p is false

q is indeterminate
~(pAq)-r
re{..5),

Prove: s is false,

L ~(pAq)el(~p)V(-q}], but, since p is
alse, ~p is true, Therefore, from lines
1-3, [(-p)V(~@)] is true. Substituting in
the given, t is true by the mle of de-
tachment,

2, Since r is true, ~s is also true, from
line 1.

3, Therefore, s is false, from 7-9,

Problems
1. Given: p is indeterminate
q is true
Prove: p-q
2. Given: peq is indeterminate
p is true
1=

Prove: r is false
RALPII MILLER

1. Given two concentric circles of radi:
17 and 8, A chord of the larger is
tangent to the smaller circle. Find
the length of the chord,

13



TRUE-FALSE LOGIC

(continued)

each given implication, They are known
as the converse, inverse, and contraposi-
tive. The formation of the converse con-
sists of reversing the terms of an implica-
tion, The converse of. p=q is gop. The
inverse is formed by negating both sides
of an implication, The inverse is (~pr(~D.
The contrapositive of p=»q ig (~(~p) it
is always equivalent to the original pro-
position, as can be easily verified from the
following table:

p 9 p*g ¥ (-pr(-@) () (-p)
T T T T T T
T F F T T... F
F T T F F T
F F T T T T

Notice that the converse and inverse,
while not always equivalent to the original
proposition, are logically equivalent to
each other, since they are contrapositives.
For example, let p»q be “1f a triangle be
equilateral, then it is isosceles,” This
iz true; we can now form the following: the
converse is “If a triangle is isosceles, it
is equilateral,” The inverse is, “If a
triangle is not equilateral, it is not isosce-
Jes.! and the contrapositive is, “1f a tri-
angle is not isosceles, itis not equilateral,”’
As is obvious, the inverse and converse
are false, while the contrapositive is true.

The ultimate purpose of the logic system
ig application to specific situations, ac-
cording to set rules, The first is the rule
of detachment, which states that, if p is
true and if pq is true, then g is true. Re-
ferring. to our first truth table, if p is true,
we are in lines 1 or 2. If poq ig true, we
are in 1, 3, or 4, The only line common to
both is line 1, in which q is true, thus
proving our mle. The rule of substitution
for propositions states that any proposition
may be substituted for its logical equiva-
lent without changing the value of the pro-
position into which the substitution is
made. For example, the symbolic expres-
sion of the rule of detachment is [pA(p-))oa.
Since we know that (prq)el-p)Val, we may
substitute in the rule of detachment,
{pAlG-p)valla. Simplifying, using a dis-
tributive law which we shall not state or
prove (see Allendoerfer and Oakley,
Principles of Mathematics): {ipAl-p)
V(pAq)}»q., Since pA(~p) is obviously

continued on page 15
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What Is The Calculus ?

The calculus is the ‘‘beginning of higher
mathematics,’” and, as such, presents a
chalienpge to the serious student of mathe-
matics. The calculus marks a transition
petween the set values of elementary math
and the abstract variables of more advanced
work, :

of all branches of mathematics, the
calcuius is the most useful, Engineering,
astronomy, statistics, physics, and ad-
vanced mathematics are dependent upon it.
The calculus is usually divided into two
sub-branches, differential calculus and
integral calculus, The differential cal-
culus is concerned with the rate of change
of function. For instance, if the distance
traveled by a moving car is expressed in
terms of the time which has elapsed, the
velocity of the car could be found with
the use of differential calculus, 1llustrated
graphically, this is equivalent to finding
the slope of a curveat any point.

The integral calculus is used to find the
value of a function when (1) its rate of
change is known, and (2) its value at one
instant (point) is given. The integral cal-
culus enables us to find the areas, volumes,

and lengths of figures all of which cap be ana-
lysed by geometric methods only with
great difficulty. Complex problems, aris-
ing in physics and vector mechanics, can
be solved only with the use of the integral
calculus. A graphic illustration of its use
is in finding the area between a given
curve and a given line,

The integral and differential calculi
were thought to be independent of each
other unti! Newton and Leibniz, wosking
separately, discovered that these branches
are really closely related, This discovery
was revolutiopary in that it marked the
consolidation of the calculus into a power-
ful mathematical tool.

The discovery of this relationship is
expressed in the fundamental theorem of
the. calculus, The introduction of this
theorem, and Leibniz's development of a
convenient system of notation for the cal-
culus, were two of the most important math-
ematical achievements of the Renaissance,
for the usefulness of the calculus was
greatly increased. Thus, the way was
paved for the development of mathematical
physics and higher mathematics,

ERIC GANS

Mathemaiics Bulletin
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TRUE-FALSE LOGIC

(continued)

false, we have:
(pAq)-q, which is easily shown true,

Let us solve the following problem;

Given: pis true (1)
p-q (2)
qor 3

Prove: tis true,

Since ger, we substitute r for ¢ in (2). Tlen
by the rule of detachment, from (1) and (2),
t is true,

Problems

1. Prove: {-~[(~p)Valslq V (~DllefqVI-(pAD]}
2. Given: -poq; q is false; p»-r,
Prove: r is false,
ERIC GANS

Problems

2, Find the value of the infinite pro-
duct:

x= T YT YT
3., Solve for all values of x:

oloeed g L5

4, The medians to _the legs of a right
triangle are 2 /73 and 4 /I3, Find
the hypoteneuse of the triangle.

5. Cows cost $170 apiece, and chickens
cost $70 each, If a man spends ex-
actly $1930, how many cows and how
many chickens does he buy?

6. Find x if it is the largest number that
wi}zl 1alv.!ay:s divide evenly into:
N" (N" = 1), when N is an integer.

7. A man wants to put exactly 39 quarts
of water into a tank, He has an 11-
quart and a 19-quart jar. How often
must he pour from one jar to the other
or from either into the tank to ac-
complish his tagk?

8, Triangle ABC has sides AB=13, BC=5,
and AC=10, Trangle DEF is formed
with DE=X(AB), EF=BC, and DF=2
(AC). Find the area of triangle DEF,

“Tune.1957

Problems

(continued)

9,

i0.

11,

12,

13,

Three cars each go on a 48-mile trip,
The first car goes twice as fast as
the second. The third car needs one
hour less than the total traveling time
of the first two, If the third car goes
ten miles per hour slower than the
first, how many hours does each car
take for the trip?

Each of four men can do a job in one
hour, wotking alone., The first man
works 3 times as long as the second,
and together they do one-third of the
entire job, The thitd man spends as
much time more than the first as the
fourth spends less than 5 times the
second. If the job iz finished, how
many minutes does each man work?

Given triangle ABC, whose sides are
AB, BC, and CA, in the ratio 29:20:21,
A new triangle DEF is formed, such
that side EF=%(BC), side FD=%(CA),
and side DE=8, If the area of triangle
ABC is 840, find the area of triangle
DEF,

A plumber has a roll of tape 110 yards
fong and one inch wide, He wants to
wrap a piece of pipe 7 inches in dia-
meter with the tape, Find the maxi-
mum number of feet of pipe that can

be wrapped with the tape (use 7 = 2.,

Two bicycles, which ate 30 miles a-
part along a straight road, stait travel-
ing toward each other; one moves at
5 miles per hour and the other at 10,
A fly on the front fender of one starts
at the same instant as the bicycles
and travels at 20m.p,h, If it flies con-
tinuously from one bicycle to the
other, how many miles does it go be-
fore it is crushed when the bicycles
come together?

:AiI of the answers to the problems appear
in the following numbers; some answers

are repeated, The answers appear here in
scrambled otder,

0, 5, 9, 15, 20, 30, 40, %, 8, 6, 13, 12,
24, 16, +2, 3, 10, 2, 12
2’11



